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Abstract
Here we prove that every real quadratic irrational α can be expressed as a periodic non-simple continued
fraction having period length one. Moreover, we show that the sequence of rational numbers generated by
successive truncations of this expansion is a sequence of convergents of α. We close with an application
relating the structure of a quadratic α to its conjugate.
© 2007 Elsevier Inc. All rights reserved.
MSC: 11J70; 11K60
1. Introduction
Given an irrational number α, we express its simple continued fraction expansion
α = a0 + 1
a1 + 1
a2 + 1
. . .
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E.B. Burger et al. / Journal of Number Theory 128 (2008) 144–153 145as α = [a0, a1, a2, . . .], where an ∈ Z for all n and an > 0 for all n > 0. Such expansions exhibit a
long list of important and well-known properties, two of which we recall here. First, the sequence
of rational numbers generated by truncating the expansion, pn/qn = [a0, a1, . . . , an] (known as
the sequence of convergents), is the complete list of “best rational approximants” to α (see [3],
Module 5); and second, a real number α is a quadratic irrational if and only if its simple continued
fraction expansion is eventually periodic, that is,
α = [a0, a1, . . . , aM−1, aM,aM+1, . . . , aM+L−1],
where the bar overscores the period (see, for example, [3] or [6]).
Here we study a natural generalization of the simple continued fraction expansion. Given
α ∈ R and N ∈ Z, we define an N -continued fraction expansion for α to be an expression of the
form
α = a0 + N
a1 + N
a2 + N
.. .
,
where an ∈ Z for all n. We denote this N -continued fraction as
α = [a0, a1, a2, . . .]N.
See [5] or [7] for the analytic theory of non-simple continued fraction expansions.
We may extend the standard simple continued fraction algorithm by defining an N -continued
fraction algorithm. Given a real number α, we write α0 = α and let a0 = [α0] denote the integer
part of α0. Thus we have α = a0 + {α0}, where {α0} denotes the fractional part of α0. If α = a0,
then we may write α as
α = a0 + N
N/{α0} .
Next we let α1 = N/{α0} and a1 = [α1], which, if α1 = a1, yields
α = a0 + N
α1
= a0 + N
a1 + N
N/{α1}
.
In general, if αn = an, then we set αn+1 = N/{αn} and let an+1 = [αn+1]. If αn = an for some n,
then this process terminates. It is clear that
α = [a0, a1, . . .]N,
and if N > 0, then an > 0 for all n > 0.
It is a straightforward procedure to convert a simple continued fraction to an N -continued
fraction: Plainly we have that [a0, a1, . . .] = [a0, a1, . . .]1, and more generally,
[a0, a1, a2, a3, . . .] = [a0,Na1, a2,Na3, a4,Na5, . . .]N. (1.1)
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not agree with the expansion found via the N -continued fraction algorithm.
We begin with a qualitative version of our first main result.
Theorem 1. For every real quadratic irrational α, there exist infinitely many integers N for
which α can be expressed as a periodic N -continued fraction having period length one.
In fact the N -continued fraction expansions from Theorem 1 can be explicitly given and we
state this refined, albeit more technical, result in Theorem 5.
To place this theorem in context, we note that Bombelli, in 1572, showed that
√
13 = [3,6]4
(see [1], p. 62), and more generally, it is well known that for natural numbers a and b,
√
a2 + b = [a,2a]
b
. (1.2)
Furthermore, for any real quadratic algebraic integer α, it is easy to verify that
α = [Trace(α)]−Norm(α). (1.3)
However as one might expect, the sequences of rational numbers generated by truncations of the
expansions in (1.2) and (1.3) are not, in general, the sequences of best rational approximations;
that is, those rational numbers are not convergents. Beyond the fact that Theorem 1 (and Theorem
5) hold for all real quadratic irrationals, we now assert that the truncations of our period-one N -
continued fractions are convergents. This assertion is the content of our second main result.
Theorem 2. Let α be a real quadratic irrational. For any period-one N -continued fraction ex-
pansion of α explicitly given in Theorem 5, let S be the associated sequence of rational numbers
generated by successive truncations of the expansion. Then S is a sequence of convergents of α.
In fact we can precisely describe the sequence S for any quadratic α and we offer such a
quantitative version of this result in Theorem 6.
Thus here we introduce a method of expressing each real quadratic irrational number in a very
compact manner that still allows us to generate an infinite sequence of best rational approximants.
As an illustration, we consider the “golden ratio”, ϕ = (1 + √5 )/2. Theorem 5, together with
ideas taken from its proof, implies the following three attractive new identities connecting ϕ to
the Fibonacci numbers, Fn (where F1 = 1 and F2 = 1):
ϕ = [1,F2m+1 − 1,F2m,F2m+1 + F2m−1 − 2 ]F2m,
ϕ = [1,F2m+2,F4m+2,F2m+2 + F2m ]F2m+1 , and
ϕ = [1, (−1)m+1FmFm+1, (−1)m+1Fm(Fm+1 + Fm−1) ](−1)m+1F 2m.
We close this paper with a comparison between the continued fraction expansions of α and
those of its algebraic conjugate.
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Given a natural number m, we define the so-called silver mean or generalized golden ratio
ϕm = m +
√
m2 + 4
2
= [m],
and for m > 2, the related although not-so-golden ratio
ψm = m +
√
m2 − 4
2
= [m − 1,1,m − 2 ]= [m]−1.
Central to our work is the observation that every real quadratic irrational is naturally associated
to either ϕm or ψm for some m ∈ N. To this end we have the following result.
Lemma 3. Let α = [a0, a1, . . . , aL−1] be a quadratic irrational having a purely periodic simple
continued fraction expansion of period length L. Let pn/qn denote the nth convergent of α and
define t = t (α,L) = pL−1 + qL−2. If L is odd, then
α = a0 + pL − a0qL
qL + ϕt − t , (2.1)
and if L is even, then
α = a0 + pL − a0qL
qL + ψt − t . (2.2)
The proof of this lemma requires the following useful proposition (see [4]).
Proposition 4. Let α = [a0, a1, . . . , aL−1] and pn/qn denote its nth convergent. Then the se-
quences pn and qn satisfy the following recurrence relations:
pnL = tp(n−1)L + (−1)L+1p(n−2)L,
qnL = tq(n−1)L + (−1)L+1q(n−2)L,
where the constant t = t (α,L) = pL−1 + qL−2.
Proof of Lemma 3. We begin with the observation that given ϕt − t = ϕt−1 = [0, t¯] and ψt − t =
−ψt−1 = [0, t¯]−1, the right-hand sides of (2.1) and (2.2) share an attractive non-simple continued
fraction expansion. More precisely, if we define
β = a0 + pL − a0qL
qL + (−1)
L+1
t + (−1)
L+1
t + (−1)
L+1
. .
, (2.3).
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enough to demonstrate that the rational approximations to β generated by truncating the non-
simple continued fraction expansion in (2.3) also converge to α.
If we denote the nth truncation of (2.3) by the rational number Pn/Qn, then we claim that
for all n, Pn = pnL and Qn = qnL. Since we know that PnQn → β and
pnL
qnL
→ α, our claim would
immediately imply that α = β and thus simultaneously establish (2.1) and (2.2). We verify this
claim by induction.
Given a non-simple continued fraction expansion of the form
a0 + b0
a1 + b1
a2 + b2
a3 + b3
. . .
,
we write Pn/Qn for its nth truncation. A straightforward argument reveals that
(
Pn bnPn−1
Qn bnQn−1
)
=
(
a0 b0
1 0
)(
a1 b1
1 0
)
· · ·
(
an bn
1 0
)
. (2.4)
Applying this observation to β with n = 0 we find that P0 = a0 = p0 and Q0 = 1 = q0, as
desired.
For n = 1, we have that
(
a0 pL − a0qL
1 0
)(
qL (−1)L+1
1 0
)
=
(
pL (−1)L+1a0
qL (−1)L+1
)
,
and therefore we verify that P1 = pL and Q1 = qL.
Next we assume that Pi = piL and Qi = qiL for all i  n and observe that for all n 1,
(
Pn+1 (−1)L+1Pn
Qn+1 (−1)L+1Qn
)
=
(
Pn (−1)L+1Pn−1
Qn (−1)L+1Qn−1
)(
t (−1)L+1
1 0
)
. (2.5)
Thus, applying identity (2.5), the inductive hypotheses, and Proposition 4, we have
Pn+1 = tPn + (−1)L+1Pn−1 = tpnL + (−1)L+1p(n−1)L = p(n+1)L and
Qn+1 = tQn + (−1)L+1Qn−1 = tqnL + (−1)L+1q(n−1)L = q(n+1)L,
which establishes (2.1) and (2.2) and completes our proof. 
Given a real quadratic irrational
α = [b0, b1, b2, . . . , bM−1, a0, a1, . . . , aL−1],
we may assume, without loss of generality, that its preperiod M is even. For if M were odd, then
we could simply append the initial a0 to the end of the nonperiodic initial string and express
the period as (a1, a2, . . . , aL−1, a0). We now state our first main result, which is a refinement of
Theorem 1.
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α = [b0, b1, b2, . . . , bM−1, a0, a1, . . . , aL−1],
with M even, let α∗ = [a0, a1, . . . , aL−1], let pn/qn denote the nth convergent of α∗, and define
the constants N0 = N0(α∗) = pL − a0qL, N = N(α∗) = (−1)L+1N20 , and t = t (α∗) = pL−1 +
qL−2. Then α can be expressed as the period-one N -continued fraction:
α = [b0,Nb1, b2, . . . ,NbM−1, a0, (−1)L+1N0qL, (−1)L+1N0t ]N.
Remark. If we replace the period of length L by n copies of that period (so its new period length
would equal nL), then we can deduce from Theorem 5 that there are infinitely many integers N
that satisfy the conclusion of the theorem.
Proof of Theorem 5. Applying (1.1) to α reveals that
α = [b0, b1, b2, . . . , bM−1, α∗] = [b0,Nb1, b2, . . . , bM−2,NbM−1, α∗]N.
By Lemma 3 we conclude that for L odd,
α∗ = a0 + N0
qL + 1/ϕt =
[
a0, qL,N0t, t
]
N0
= [a0,N0qL,N0t]N20 ,
while for L even,
α∗ = a0 + N0
qL − 1/ψt =
[
a0, qL,−N0t, t
]
N0
= [a0,−N0qL,−N0t]−N20 .
Hence it follows that, for all α,
α = [b0,N0b1, b2, . . . ,N0bM−1, a0, qL, (−1)L+1N0t, t]N0
= [b0,Nb1, b2, . . . ,NbM−1, a0, (−1)L+1N0qL, (−1)L+1N0t]N,
which completes our proof. 
3. Best rational approximations
Our second main result, which is a refinement of Theorem 2, is an immediate consequence of
Theorem 5 and the proof of Lemma 3.
Theorem 6. Let α = [b0, b1, b2, . . . , bM−1, a0, a1, . . . , aL−1], with M even, and pn/qn denote
its nth convergent. Let Pn/Qn denote the nth truncation of the N -continued fraction expansion
for α given in Theorem 5. Then for indices i M , it follows that
Pi = pi ,
Qi qi
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Pi
Qi
= pnL+M
qnL+M
.
Proof. We first assume that α is purely periodic, that is, M = 0. We recall from the proof of
Lemma 3 that
Pn
Qn
= pnL
qnL
,
for all n ∈ N, which establishes the result in this case.
In the general case of an even-length preperiod, it is easy to verify that the set of rational
numbers generated by truncating within the preperiod equals the set of the first M convergents
of α, which completes our proof. 
We note that if L is odd, then the period-one N -continued fraction expansion given in The-
orem 5 contains only natural numbers. It remains an open question as to whether the same
conclusion holds for L even. That is, if L is even, does there exist a period-one N -continued
fraction expansion with positive N and positive partial quotients, whose truncations yield best
approximants? In this direction we are able to show any real quadratic irrational α having even
period length L has the following period-two positive N -continued fraction:
α = [b0,N0b1, b2, . . . ,N0bM−1, a0, qL − 1,N0, t − 2 ]N0, (3.1)
where N0 and t are as defined in Theorem 5. However, beyond its preperiod, the sequence of
successive truncations of this period-two positive N -continued fraction expansion alternates be-
tween convergents of α and “Farey differences” of two convergents (that is, fractions of the form
(pn − pm)/(qn − qm), for convergents pm/qm and pn/qn).
In view of the fact that our proof involves connecting α (having even period length L) with
ψt , a quadratic having simple continued fraction of period length two, it appears that such a
positive period-one reduction (whose truncations are best approximants) might not be possible
for all quadratic α.
4. Comparing α with its conjugate
We recall that two real numbers α and β are said to be equivalent if there exists a linear
fractional transformation that maps one to the other. More precisely, α and β are equivalent if
there exist integers A,B,C, and D satisfying AD − BC = ±1 such that α = (Aβ + B)/(Cβ +
D). Serret in 1847 (see, for example, [3] or [6]) proved that two real, irrational numbers are
equivalent if and only if their continued fraction expansions eventually agree (that is, if α =
[a0, a1, . . .] and β = [b0, b1, . . .], then for some integers i and j , ai+n = bj+n for all n ∈ N).
In 2005, Burger [2] found a necessary and sufficient condition on the continued fraction of
an arbitrary quadratic irrational α to insure that α is equivalent to its (algebraic) conjugate α˜. In
particular he proved that α is equivalent to α˜ if and only if the periodic string in the continued
fraction of α can be expressed as the concatenation of two palindromes. For example, if we let
α1 = 3 +
√
65
, α2 = 7 +
√
145
, and α3 = 11 +
√
257
,7 12 17
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immediately conclude that α1 and α˜1 are equivalent and α2 and α˜2 are equivalent, while α3
and α˜3 are not equivalent numbers (note that the string (1,1,1,2,3,1,1,1,2,3, . . .) cannot be
expressed as a period of two palindromes in juxtaposition).
Inspired by our N -continued fraction expansion results, it is natural to wonder if there exists
an N ∈ Z such that α3 and its conjugate have N -continued fraction expansions that eventually
agree. Given real numbers α and β , we say that α and β have equivalent N -continued fraction
representations if they can be expressed as N -continued fractions α = [a0, a1, . . .]N and β =
[b0, b1, . . .]N so that for some integers i and j , ai+n = bj+n for all n ∈ N. Thus our question can
now be recast as: Given a real quadratic irrational α, can we find an integer N such that α and α˜
have equivalent N -continued fraction representations?
Theorem 7. Let α be a real quadratic irrational. Then there exist infinitely many integers N such
that α and α˜ have equivalent N -continued fraction representations.
Proof. We write the simple continued fraction expansion for α as
α = [b0, b1, . . . , bM−1, a0, . . . , aL−1 ],
where L is the period length and, as we have seen before without loss of generality, M is even. If
we write α∗ = [a0, . . . , aL−1], then clearly we see that α and α∗ are equivalent. If we let pn/qn
denote the nth convergent of α∗, then by the proof of Theorem 5, we can conclude that for the
numerator N = N0 = pL − a0qL,
α∗ = [a0, qL, (−1)L+1Nt, t ]N. (4.1)
If we define
α′ = [a0, aL−1, . . . , a1],
then by a result of Galois (see [3] or [2]), we have that α˜ and α′ are equivalent. We now consider
the case in which α˜ has an even number of partial quotients before its simple continued fraction
coincides with α′.
Applying the fundamental relationship between 2×2 matrices and continued fractions and the
observation that the convergents of α′ are connected to the convergents pn/qn of α∗ via matrix
transposition, we are able to verify that
α′ = [a0, pL−1, (−1)L+1pL−2t, t ]pL−2 . (4.2)
If we now let K = pL−2 and apply the transformation of (1.1), then we can conclude that (4.1)
and (4.2) can be expressed as
α∗ = [a0, (−1)L+1KqL, (−1)L+1Nt, (−1)L+1Kt ](−1)L+1KN and
α′ = [a0, (−1)L+1NpL−1, (−1)L+1Kt, (−1)L+1Nt ](−1)L+1KN, (4.3)
and hence we see that α∗ and α′ have equivalent (−1)L+1KN -continued fraction representa-
tions. As α and α˜ each have an even preperiod, we may apply the techniques from the proof of
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lent (in fact, equivalent to those expansions in (4.3)).
If α˜ has an odd number of partial quotients in its simple continued fraction before coinciding
with α′, then we apply our technique of shifting the period by one partial quotient and re-define
α′ to equal [aL−1, . . . , a1, a0]. If we now let K = aL−1pL−3 + qL−3, p = aL−1pL−2 + qL−2,
and a = aL−1, then arguing as in the previous case we deduce that
α′ = [aL−1, aL−2, . . . , a1, a0]= [a, (−1)L+1Np, (−1)L+1Kt, (−1)L+1Nt ](−1)L+1KN.
Hence again we find that α∗ and α′ have equivalent (−1)L+1KN -continued fraction expansions,
and therefore we conclude that α and α˜ also have equivalent (−1)L+1KN -continued fraction
expansions.
If we repeat the previous argument with any multiple of L (the period length of α), then we
generate infinitely many pairs of equivalent continued fraction representations, which completes
our proof. 
Example. As an illustration, we return to α3 = [1,1,1,2,3], which we already know from [2] is
not equivalent to its conjugate. A calculation reveals that
α˜3 = [−1,1,2,2,1,1,1,3].
For this α we see L = 5, and compute N = pL − a0qL = 13,N2 = 169,K = 8, and t = pL−1 +
qL−2 = 32. Thus by Theorem 5 we have that
α3 =
[
1,22,416,32
]
13 =
[
1,286,416
]
169.
Moreover, by Theorem 7 we find that α3 and α˜3 have equivalent 104-continued fraction repre-
sentations (KN = 104); in particular
α3 =
[
1,176,416,256,416
]
104 while
α˜3 =
[−1,104,2,208,1,104,1,351,256,416 ]104.
We close by remarking that if we restrict our attention to positive numerators, then it remains
an open question whether, for each real quadratic irrational α having an even period length, there
exists an N ∈ N such that α and α˜ have equivalent N -continued fraction representations.
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